We investigate the ground state properties of the gaseous mixture of a single species of bosons and fermions at zero temperature, where bosons are major in population over fermions, and form the Bose-Einstein condensate (BEC). The boson-boson and boson-fermion interactions are assumed to be weakly repulsive and attractive respectively, while the fermion-fermion interaction is absent due to the Pauli exclusion for the low energy s-wave scattering. We treat fermions as a gas of polarons dressed with Bogoliubov phonons, which is an elementary excitation of the BEC, and evaluate the ground state properties with the method developed by Lemmens, Devreese, and Brosens (LDB) originally for the electron polaron gas, and also with a general extension of the Lee-Low-Pines theory for many-body systems (eLLP), which incorporates the phonon drag effects as in the original LLP theory. The formulation of eLLP is developed and discussed in the present paper. The binding (interaction) energy of the polaron gas is calculated in these methods, and shown to be finite (negative) for the dilute gas of heavy fermions with attractive boson-fermion interactions, though the suppression by the many-body effects exists. * Electronic address: e.nakano@kochi-u.ac.jp † Electronic address: yabu@se.ritsumei.ac.jp
I. INTRODUCTION
to form a molecular bound state [34] [35] [36] [37] [38] . For studies of the single polaron in such stronglycoupled systems, more advanced non-perturbative methods are needed [39] [40] [41] [42] [43] [44] [45] . Especially, in the region around the unitarity limit, the non-perturbative renormalization group method has figured out the spectral properties of Fermi polarons in the polaron-molecule crossover regime [46] . Recently, a quantum Monte-Carlo method has been used for the microscopic description of impurities in the BEC, which includes regimes from weak to strong coupling constants [47] .
The aim of the present paper is at studying the case where the number of fermionic impurities is increased to make a dilute Fermi gas in the BEC. For this purpose, we consider the gaseous mixture of single component bosons and fermions, where immersed fermions are treated as a dilute gas of polarons interacting with the Bogoliubov phonons excited in the BEC; the interaction between fermion and boson (phonon) is assumed to be weakly attractive. Thus the strong correlation effects such as boson-fermion pair fluctuations are irrelevant in the mixture.
In this paper, we calculate the ground state properties of the system at zero temperature as a BEC-polaron gas, dressed with phonon clouds as in the single polaron treatment. To this end we first employ the unitary transformation method by Lemmens, Devreese, and Brosens (LDB) originally developed for the gas of electron-phonon polarons [48] [49] [50] , which has been applied to many-polaron systems in the BEC for bosonic and fermionic impurities in general situations with bare interactions among impurities [51, 52] . Then, we also develop the method using the different unitary transformation, which generalize the LLP theory of the single polaron to many-polaron systems, in order to incorporate the drag effect absent in LDB. In these methods, we evaluate the ground state energy of the many-polaron gas, and the single polaron properties in the gas, such as the binding energy per fermion and the effective mass, and calculate their dependence on the density and mass ratios of the fermion to the boson, and on the boson-fermion interaction strength. This paper is organized as follows: In section II, we introduce a low energy effective Hamiltonian for the boson-fermion mixture, and implement the Bogoliubov approximation to obtain a Fröhlich-type effective Hamiltonian. In section III, we study the single BECpolaron system in the LLP theory, and show some properties of the solution. In sections IV and V, we apply the LDB and the eLLP methods to the Fröhlich-type effective Hamiltonian obtained in section III, and evaluate the ground state properties. We also compare the obtained results with those from the LLP theory for the single polaron in the appropriate limit. The last section is devoted to summary and outlook.
II. LOW ENERGY EFFECTIVE HAMILTONIAN
We consider the uniform system of the gaseous mixture consisting of single species of bosons and fermions. In terms of the boson and fermion field operators, φ(r) and ψ(r), the effective Hamiltonian of the system is 
where the Fourier expansions, φ(r) = V In the case of the mixture of the dilute gas, the boson-boson and boson-fermion coupling constants, g bb and g bf , are represented by the s-wave scattering lengths, a bb and a bf , respectively; in the T-matrix approach, the relations are given by [16] m ij 2πa ij = 1 The above formulation is valid only for systems with a mean interparticle distance much larger than a typical size of particles r 0 , which introduces the natural cutoff of ∼ 1/r 0 in the momentum integral in Eq. (2) .
A. Bogoliubov phonon of BEC
In the mixture of the weak boson-boson repulsive and boson-fermion attractive interactions, we assume that all bosons are in the state of the Bose-Einstein condensation (BEC)
at zero temperature, and the low-energy elementary excitation is primarily the Bogoliubov phonon. Thus, keeping only terms including the condensation parts with zero momentum to the quadratic order of excitations in the boson sector, we obtain the Hamiltonian (Appendix A for detail) :
where N b is the boson total number, and n 0 = N 0 /V is the condensed-boson density obtained from the condensed-boson number N 0 , which is approximated by N 0 ∼ N b in the present system of the weak interactions and zero-temperature. The C q and C † q are the annihilation and creation operators of the Bogoliubov phonon with the excitation energy:
and they satisfy the commutation relations: C p , C † q = δ p,q , and others. The first and second c-number terms in the last line of (3), which correspond to the ground state energy of the pure Bosonic gas, are dropped in the remaining part of this paper.
B. Fröhlich-type Hamiltonian of phonon-fermion system
We also use the Bogoliubov approximation for the boson-fermion interaction (Appendix A), and obtain the Fröhlich-type Hamiltonian of the interacting fermion-phonon system from (1) and (3):
where we have replaced the fermion number operator r ψ(r) † ψ(r) by the total fermion number N f of the mixture, and the Yukawa-type coupling constant g q for the fermionphonon interaction is given by
Noted that it includes the momentum dependent factor, (
, stemming from the Bogoliubov transformation, defined in (A2) in Appendix A.
III. SINGLE POLARON IN BEC: LEE-LOW-PINES THEORY
In this section we review the single BEC-polaron system for weak/intermediate interaction regimes, and show some properties of the solution obtained in the LLP theory: the ground state energy, drag parameter η, and the effective mass which are already presented in e.g., [30, 44] . In addition, we estimate the size of phonon cloud directly from the solution, and
give validity conditions for the effective Fröhlich Hamiltonian. These results in the LLP theory will be helpful as references in discussions on many-body BEC-polaron systems later.
A. LLP transformation
In the case of a single fermion impurity immersed in the BEC at the position x, the fermion density operator is represented as ψ † (r)ψ(r) = δ (3) (r − x), and the Hamiltonian (5) becomes
This Hamiltonian enables us to map the argument of the conventional electron-polaron onto the BEC-polaron, so in order to discuss the ground state properties of it we employ the Lee-Low-Pines (LLP) theory for relatively weak coupling regimes, in which some unitary transformations are utilized. These transformations are also used in extended forms for many-body systems of fermions in the later parts of the present paper.
First, the unitary transformation S(x) is defined by
which serves as a gauge transformation for the phonon operators:
and remove the phonon contribution from the total momentum operator:
It implies that the transformed momentum operator is that observed in the frame comoving with the impurity. So the transformed Hamiltonian does not depend on the coordinate x:
and it includes the phonon-phonon interaction term which does not exist originally in (7) .
Since the transformed HamiltonianH commutes with the momentum operator of the impurity, we can replace the operator −i∇ x in (7) with the c-number P that is the momentum eigenvalue when we consider the plane-wave state e iP ·x for the impurity; consequently the parameter P in the transformed Hamiltonian is the total momentum of the single polaron including that of the dressed phonon. Now the problem reduces to solve the energy eigenvalue equation:H(P )|Ψ = E(P )|Ψ .
Second, as the ground state for theH in the LLP theory, we take the state of the phonon cloud: |Ψ = T |0 where |0 is the phonon vacuum state, and the unitary transformation operator T , which produces the phonon cloud, is defined by
We should note that the state |Ψ = T |0 is a coherent state with the parameter f q ; through the relation f q = 0|T −1 C q T |0 . The parameter f q is found to be the phonon momentum amplitude of the momentum q in the state |Ψ , which is to be determined variationally from the minimum of the energy expectation value Ψ|H(P )|Ψ .
Accordingly, in the LLP theory, the ground state of a single polaron with momentum P for the Hamiltonian H is described by the product state:
where the unitary operator U is defined as U = ST S −1 = e Q(r) :
and S|0 = |0 has been used in the derivation of (13).
B. Ground state energy and drag parameter
The energy expectation value with the ground state (13) is calculated to be
The stationary equation δE pol (P )/δf q = 0 determines the phonon momentum amplitude f q = f q;P (we denote the P dependence of the solution f q;P explicitly for later convenience):
where the drag parameter η is determined from the self-consistency condition:
It implies that the mean value of the phonon momentum is proportional to the polaron momentum. Substituting (16) into (15), we obtain the single polaron energy with the momentum P :
where the polaron effective mass m ef f is defined by
The drag parameter η is represented as η = s/(1 + s) using the parameter s † :
where R = m f /m b is the mass ratio. The formula (20) shows that the parameter s is proportional to the so-called polaronic-coupling parameter α = 
C. Estimation of polaron size
We also investigate the property of the phonon distribution around the polaron. Using the phonon field operator φ ph (r) = V −1/2 p e ip·r C p , the photon-distribution probability at a position r is given by x; P |φ † ph (r)φ ph (r)|x; P = |f (r − x)| 2 , where f (r) = V −1/2 p e ir·p f p;P is the inverse Fourier transform of f q;P . The phonon spatial amplitude f (r) for the static † see Appendix B for derivation.
polaron (P = 0) is given by
where ξ = 1/ √ 8πn 0 a bb is the coherence length of the BEC. The detailed behavior of f (r) depends on the structure of the momentum distribution f q;0 given in (16) , which corresponds to the phonon propagator in the static limit. As seen from the above expression of f (r), the integrand has the pole at q = ± 2R 2 1−R 2 ξ −1 for 0 < R < 1 but with the vanishing residue, thus in this case we can estimate by the dimensional analysis that f (r) ∼ r −5/2 for large r.
While for R > 1, the pole emerges on the imaginary axis, at q = ±i
that the size of the spatial distribution may be set by the order of the coherence length ξ.
However, this situation is not exactly the same as that the coherence length sets the size of the Yukawa type potential between two probe fermions (see Appendix C for detail), since the residue theorem cannot be applied directly because of the existence of the branch points at q = 0, ±i √ 2ξ −1 in this case. We postpone the rigorous discussion on the asymptotic analysis for the large r behavior elsewhere.
Nevertheless, such a mass-ratio dependence has also been observed in numerical simulations for the single-polaron for R ≤ 1 [41] ; as the boson-fermion interaction varies from weak to strong couplings, non-perturbative approaches give a variety of results but show the deviation from mean-field approaches. Thus, the qualitative change in the phonon spatial amplitude shows the deviation from the mean-field to the non-perturbative regimes which occur around R ∼ 1. Actually, the mean-field solution in the LLP theory becomes exact in the limit of m f → ∞ (R → ∞), where the effective phonon-phonon coupling vanishes.
D. Validity of Fröhlich Hamiltonian
In construction of the Fröhlich type Hamiltonian, we have dropped the four-point interaction among excited phonons (q = 0) using the Bogoliubov approximation, which may be allowed when the number of excited phonons N ph = n ph V is much small with respect to that of the condensed bosons (q = 0): n ph /n 0 ≪ 1 as the density ratio. The number of bosons N b is expressed in terms of the phonon operators by
where the first term is the condensed bosons, the second term accounts for the virtual phonon excitations given by
and the real phonons excited by the boson-fermion coupling is evaluated for the LLP ground state to be, in the probe approximation (m f → ∞),
where we have used the relation: As result, a condition for the Fröhlich Hamiltonian is given by
When only the second term is kept for a small boson-boson scattering length, the above formula is consistent with those obtained in [44, 53] .
Now we define the density of excited phonons by a different way:
ph n f being multiplied by the density of fermions, which is for the single fermion N f = 1 at moment, and can be used in the thermodynamic limit for many fermions. This leads to a condition:
The above formula accounts for an averaged number of excited phonons per fermion, and thus may gives a validity condition of the Fröhlich Hamiltonian for many-body polaron systems.
IV. POLARON GAS IN BEC: LEMMENS-DEVREESE-BROSENS METHOD
In the previous section, we have discussed the single fermion immersed in the BEC, which behaves as a polaron dressed with Bogoliubov phonons. Now we study the system of a dilute but finite density of fermions. If the interparticle distance of fermions is much larger than the size of each polaron, which is to be ∼ ξ for R > 1, the dilute system of fermions should be described as the dilute polaron gas.
In order to evaluate the ground state properties of such a gas, we will first employ the method by Lemmens-Devreese-Brosens (LDB) originally developed for the electron-polaron gas [48] , and, then we will propose a more general method which incorporates the drag effect as in the LLP in the next section. Both methods are based on the second quantization of the LLP theory for many-fermion systems. As shown in Eq. (13) the unitary transformation of the Hamiltonian in the LLP theory is composed of two consecutive transformations S and T defined in (8) and (12):
HST . These two transformations are not commutable, and the another transformation U has been introduced in (14) . In the calculation of the expectation value by the phonon vacuum in (15), we could use the U transformation only because the phonon vacuum is invariant against the S transformation: S |0 = |0 . It means that the U transformation absorbs the effects of phonon, and plays a role of making the fermions dressed with the phonon cloud. Thus we will eventually construct the secondquantized U transformations, and use them for describing the polaron gas. ‡
A. LDB transformation
In Lemmens-Devreese-Brosens (LDB) theory, the transformation U = e Q(r) in LLP is extended to
where r i is the position of i-th polaron, the fermion density operatorn f (r) is defined bŷ
The boson operator Q(r) is the same as that in (14) . Thus the U ‡ Note that these methods for polaron systems trace back to the scalar meson theory [58] , and also to the nucleon with meson cloud by Tomonaga [59] .
transformation of LDB becomes § U = exp
Note that no P -dependence is assumed for the phonon momentum amplitude f q in LDB.
The anti-Hermiticity Q † (r) = −Q(r) guarantees the unitary condition U † U = 1.
In the U transformation of the LDB method, no momentum-anisotropy is assumed in the momentum amplitude f q , i.e., f * q = f −q , from which we can prove
in comparison with (17) , it shows that no drag effect is included in the LDB formulation (η = 0). Inclusion of the anisotropic effect f * q = f −q is presented in Appendix D. The transformation laws with the U transformation (26) become
for fermion fields and their derivatives, and
for the phonon fields. Note that the transformed fermion field operators have the factor e Q(x) , which entails the phonon cloud.
Thus the Hamiltonian (5) is transformed as where
Taking the normal ordering for phonon fields, we classify the terms of the Hamiltonian in the order of fermion fields:
where the first term is the mean-field contribution
and the H (no) includes the normal ordered products of phonon fields such as C † q C q , C q C q , and C † q C † q , which will vanish in the expectation value for the phonon vacuum state.
B. Ground state energy
In this section, we evaluate the ground state energy E from the expectation value of the transformed Hamiltonian (31) with the variational ground state of the polaron gas that is constructed as the product state of the phonon vacuum and the many-fermion state. When the phonon vacuum is operated on the Hamiltonian, the phonon normal-ordered term H (no) vanishes and the other terms including fermion fields remain. Then, we obtain the energy expectation value per fermion:
where the kinetic energy per fermion is defined by
where · · · denotes the expectation value by the many-fermion state, and the structure factor S(q) in the last term is defined by
which encodes the fermion contribution in the interaction energy of (35) .
The stationary condition δE/δf * q = 0 determines the momentum amplitude:
Substituting it into (35), we obtain the ground state energy of the polaron gas in LDB:
Using the Hartree-Fock approximation [60] for the many-fermion state, the structure factor S(q) is given by
where q F = (6π 2 n f ) 1/3 is the Fermi momentum corresponding to the fermion density n f = N f /V . Also, in this approximation, the kinetic energy par fermion is given by
where ǫ F = q 2 F /2m f is the Fermi energy.
C. Renormalization of boson-fermion interaction
The interaction energy in (39) has an ultra-violet (UV) divergence, which is attributed to the microscopic behavior of the low energy s-wave scattering amplitude, and can be renormalized in terms of s-wave scattering length a bf observable in experiments [41] . From Eq. (2) in the T-matrix approximation, the coupling constant g bf is represented in terms of the scattering length a bf at the low energy limit:
where the divergent integral is regularized by the UV cutoff ∼ r −1 0 . It should be noted that Eq. (42) is valid in the case of the weak boson-fermion interaction (small value of a bf /r 0 ).
The leading divergence of the interaction integral in (39) can be extracted as
where R = m f /m b is the boson-fermion mass ratio. Using Eq. (42), the leading-order contribution of the mean-field energy g bf n 0 in (39) becomes
the second term of which exactly cancels out the divergent term in (43) .
Finally, the renormalized ground state energy thus becomes
which is consistent with that obtained in [51] in the absence of the bare fermion-fermion interaction.
V. POLARON GAS IN BEC: A MANY-BODY EXTENSION OF LLP
In the LDB method, no drag effect is included in the phonon cloud around polarons (η = 0). In the case of the dilute fermion gas, it is natural to expect that the fermions undergo such an effect as in the single-polaron LLP. In order to incorporate the drag effect in the many-polaron system, we use the extended U transformation
where the P -dependent phonon momentum amplitude f q;P is used instead of f q in (26) .
Noted that the above U transformation keeps the unitarity condition U † U = 1, and includes the U transformation of the LDB method as a special case where no P -dependence exists in the function f q;P . Although the way to extend the single-polaron LLP to manyfermion systems is not the unique, it seems very reasonable to develop the method with the transformation (46) because of the success of LLP and LDB; thus, we take the extended U transformation to include the drug effect and call the method the extended LLP (eLLP). In what follows we assume that the f q;P in (46) is a real function as in LLP and LDB.
A. Transformations of field operators
The existence of the drag effect (η = 0) of the photon cloud around polarons means that the cloud shares the part of the total polaron momentum as in the single-polaron LLP through the relation: ηP = q =0 q|f q;P | 2 . Then, because of the finite value of η, the function f q;P should have momentum anisotropy and be expanded as f q;P = c 0 + c 1 (
Since the momentum P is of the order of the Fermi momentum at most, only the leading term dominates in the dilute regime of fermions. With this observation, we consider the transformation of the field operators by (46) .
Using the general formula of the similarity transformation, the fermion field ψ(x) obeys the transformation:
where the commutators are given by
[w(x, y)δ(y − z) + α(x, y)α(y, z)] ψ(z), and so on,
where operators α(x, y) and w(x, y) are defined as
We note that the operators α(x, y) and
The transformation (47) generates infinitely many terms of higher order products of phonon and fermion fields, which are expected to be less contributed in dilute Fermi gas. However, the terms producing the drag effect are summed up to be an exponential form:
where we have used the bracket notation:
and the operator A(x, y) is defined as
The derivation of the above equations is given in Appendix E.
In contrast, the transformation of the phonon field is obtained in the exact form:
Here we should note the following properties: The transformation (46) preserves the total momentum of the system, and the approximate transformation of fermion (51) together with exact ones (54,55) also gives the exact transformation for the total momentum operator,
i.e., commutes with it, [U,P ] = 0 (see Appendix F in detail), which supports the use of (51) in the present calculations of eLLP. In addition, as discussed in the next section, the transformation (46) provides exactly the same results of the LLP theory for the single fermion state, and thus a natural many-body extension of the LLP theory.
B. Transformation of Hamiltonian
Under the transformations in (51) and (54), the Fröhlich Hamiltonian (5) becomes
The first term H (mf ) = g bf n 0 N f is the mean-field contribution, and H 
where u P = k kf 2 k;P and
After the normal ordering operation for the phonon field operators, we rearrange the Hamiltonian (57) in the order of fermion field operators as
where the momentum representation of H ′ (2) and H ′ (4) are given by
and the H ′(no) including the phonon operators in the normal ordering vanishes when the expectation value is taken with the phonon vacuum. Note that we have dropped four-and six-body interactions generated from the fermion's kinetic term approximately for the dilute gas of our interest.
C. Many-polaron ground state including drag effect
Now we calculate the expectation value of the Hamiltonian (62) with the phonon vacuum and the many-fermion state. Using the Hartree-Fock approximation for fermions as in the LDB method:
we obtain the energy expectation value:
where the Fock exchange contribution ǫ F (P ) is given by
The stationary equation of the energy expectation value δE/δf * q;P = 0 becomes
Existence of the drag parameter η shows the inclusion of the drag effect of the phonon cloud through the relation ηP = k k|f k;P | 2 as in the single-polaron LLP, with which we can solve the stationary equation (68) for f q;P (|P | ≤ q F ):
Substituting it into (66) and using the variational condition, we obtain the ground-state energy:
where the single-particle energy E f (P ) is given by
The interaction energy in the above expression includes the divergent term as appeared in LDB (section IV-C), hence we apply the same renormalization procedure in terms of the boson-fermion scattering length. Finally, we obtain the renormalized ground state energy per fermion in the present formalism:
Here we discuss the drag effect in the polaron gas, which manifests itself as a finite value of the parameter η. This parameter is determined from the self-consistent equation:
Expanding the right hand side to the order of P , we obtain
where
Using these results, we can expand the single particle energy of the fermion as
and the effective mass m * reads
Note that these results reproduce the LLP theory for the single polaron in the dilute limit (q F → 0).
For comparison with the LDB result, we employ the inertial mass m (in) , which corresponds to a linear response to the external velocity v coupled with the total momentum operator of the whole system. The expression of the inertial mass in the LDB method for the system same as ours is given by Eq. (15) in [51] :
It is obvious from the behavior of S(q) that the above expression reduces to the effective mass in the LLP theory at the low density limit.
VI. NUMERICAL RESULTS AND DISCUSSION
In this section, we present numerical results for the polaron gas in the BEC calculated in LDB and eLLP including the drag effect, and shortly explain how in-medium modifications of polaronic properties such as binding energy and effective mass can be observed in experiments. Also, we compare the present results with the 2nd order perturbation theory to clarify relations among these methods, and then briefly discuss a criterion for the validity of the mean-field type approximations used in this study.
A. Ground-state energy
In Fig. 2 , we show the ground state energies calculated with (45) and (72) respectively in LDB and eLLP methods for the inverse of the boson-fermion scattering length; the dimensionless energyĒ per fermion, the inverse of the scattering lengths, η bf and η bb , are scaled
where E 0 = Now we show the dependence of the ground state energy E on the density and mass ratios, n b /n f and m f /m b , both in eLLP and LDB. Since the kinetic energy has the same form in these two methods, we evaluate the interaction energy per fermion in Eq. (45) and Eq. (72) defined by
This quantity is comparable to the single polaron energy E pol (P ) in (18) in LLP, and we set P = 0 to have the interaction (binding) energy E int = E pol (0) for the appropriate comparison in the dilute limit. Fig. 3 shows the scaled interaction energies as functions of the density and mass ratios, respectively; the scaling of the energy is given in (80). As expected from the results presented above, the interaction energy approaches to the single-polaron LLP result in the dilute limit. On the other hand, the mass dependence (the right-panel of Fig. 3) shows that the interaction energy converges to some asymptotic values in the heavy fermion limit: while the result in LLP approaches to the exact mean-field value as mentioned earlier, those in eLLP and LDB are different. This is because the many-body effects still remain in the limit. These interaction energy (binding energy per fermion) can be measured from the radio-frequency absorption experiment [30] , provided that the system is dilute and not so strongly-correlated for polarons to be identified as quasiparticles. 
B. Drag parameter and effective mass
As shown in Fig. 4 , the drag parameter η in the medium of fermions is very small and even smaller than that in the single-polaron LLP. It is due to the Pauli blocking effect of f q;P in Eq. (73). Also, Fig. 4 (left) shows that the in-medium effect weakens as the system is diluting and the result approaches to that in LLP in the dilute limit, and Fig. 4 (right) The mass in LDB is always larger than that in eLLP, and approaches to the LLP result from above (eLLP from below) in the dilute limit as shown in Fig. 5(left) . Although in both cases the effective masses increase only by a few percent even for relatively large boson-fermion scattering lengths as shown in Fig. 5(right) , the many-body effects in the polaron gas seem to be significant when confronted with the case of the single polaron. As pointed out in [51, 54, 55] , these modifications in polaron masses in various situations can be measured from the Bragg spectroscopy for absorption and emission of the pair of laser beams by polarons.
C. Comparison with perturbation theory
The dilute gas of boson-fermion mixture being the same as the present case has been studied in the 2nd order perturbation theory with respect to the boson-fermion coupling g bf in [62] , where the Bogoliubov approximation is made, and the ground state energy is calculated in the form of
The kinetic contribution N f E kin is in common with ours, and the interaction one E pert int , which corresponds to the 2nd order sunset diagram of the fermion selfenergy with the Yukawa interaction, is given by
where we have rescaled variables in the equation (15) perturbative and non-perturbative results is not appropriate, the above observation shows that the eLLP method reduces to the 2nd order perturbation theory asymptotically in the small boson-fermion coupling limit. It is also interesting to note that the same is true on the LLP theory for the single polaron [44] .
On the other hand, the LDB result (45) seems to be of the order of a 2 bf , however, a many-body correlation effect comes in non-perturbatively through the structure factor S(q).
Actually, the LDB result reduces to the perturbative result in the low density limit.
D. Criterion for mean-field regime of polaron gas
As discussed in the literature [30] , we can observe the breakdown of the mean-field regime in the momentum amplitude f q;P in LLP. Using (16), the self-consistency condition ηP = q =0 q|f q;P | 2 becomes
This condition spoils when a singularity arises in the integral; for the small q region, the denominator is expanded, and, up to the linear order, it becomes
where v ph = √ 4πa bb n 0 /m b is the sound velocity of phonon, and θ is an angle between q and P . Then, non-singularity condition gives the limitation for the polaron velocity, beyond which the mean-field solution does not work:
This is actually the signal that phonons are excited spontaneously by the interaction with the polaron faster than v ph .
For the polaron gas, we replace the momentum P in the above condition with the Fermi momentum p F , and obtain a similar criterion in terms of the boson-fermion density, mass ratios n 0 /n f , and R = m f /m b :
Since the drag parameter η varies from unity to zero with increasing R, the mean-field-like approximation employed in this paper works for dilute and heavy mass regimes, which is consistent with the argument presented with the numerical results.
VII. SUMMARY AND OUTLOOK
We have studied the ground state properties of a boson-fermion gaseous mixture at zero temperature, where fermions are treated as a dilute gas of polarons in the BEC in the eLLP and the LDB methods, in which the unitary transformations are made for the eigenvalue problem of the system:
where the ground state for |Ψ ′ is approximated by the product of the phonon vacuum state and the Hartree-Fock ground state for fermions.
It is found in both methods that the interaction energy per fermion, which should correspond to the binding energy of the single polaron in LLP, is suppressed by the many-body effects as the density of fermion is increased, but indeed becomes negative in relevant situations, i.e., for dilute and heavy fermions in the relatively weak coupling regime of the boson-fermion attraction. Also, we have found that the drag effect in eLLP is very small due to the many-body effect, and the difference of the ground state energy between eLLP and LDB is not significant in the present approximations.
For further studies, it is important to analyze the generalized unitary transformation (46) in more detail. In fact, this transformation generates higher order interaction terms among fermions, which we have truncated as they are expected to be negligible in the dilute gas of fermions, and kept only four-fermion interactions in the present study. This approximation seems to be valid because the higher-order interactions vanish when the P dependence of the phonon momentum amplitude f q;P is negligible; the momentum P is assigned to that of fermions and is of the order of the Fermi momentum at most. Since the f q;P is determined variationally for a given state, it is interesting to figure out in which region of the full parameter space the higher order interactions are controllable. Also, it is interesting to see how the perturbative corrections to the ground state modify results, since the transformed Hamiltonian U −1 HU includes different type interactions in eLLP and LDB.
Also, methods presented here are applicable only to uniform and infinite systems. Further extensions to finite systems with discrete quantum states, such as in the harmonic trap potential or the optical lattice [31, 32] , can be possible, as well as to possible inhomogeneity of the background BEC induced by polarons.
The other interesting directions include study of the strong coupling regime using nonperturbative treatments. For this purpose we have to turn on the residual interactions having been dropped in the Bogoliubov approximation so far, which includes the boson-boson and boson-fermion interactions without condensation parts. These residual interactions account for many-body correlation effects beyond the present approximation, for instance, bosonfermion pair fluctuations develop to form composite fermion molecules around the unitarity limit of the boson-fermion attractive interaction. So it is interesting to observe such strong coupling effects on condensation fraction, modification of the polaron gas picture, spectral properties, and so on.
q b q is the number operator of the boson; n 0 = N 0 /V the density of the condensed bosons, andε q = ε q + g bb n 0 .
The matrix term in the last line of (A1) is diagonalized with the quasi-particle annihilation/creation operators C q , C † q , which is defined by the Bogoliubov transformation:
where u 
Next, we evaluate the boson-fermion interaction term included in (1):
where the boson-zero-momentum terms have been extracted. Using the inverse Bogoliubov transformation for (A2):
we obtain the quasi-particle representation of the boson-fermion interaction term:
where the effective Yukawa coupling constant g q is defined by
Eqs. (A3) and (A6) provide the Fröhlich-type Hamiltonian (5) with the Yukawa coupling constant (6) that corresponds to (A7).
Appendix B: Calculations on the parameter s
In this appendix, we derive the explicit formula (20) for the parameter s. Substituting (16) into the self-consistency condition (17), we obtain,
Taking the leading-order term of the momentum P in the right-hand-side integral, we obtain the equation of η for the small value of P :
In solving it by η, we represent the drag parameter η as η = s/(1 + s), where
and we have used normalized variables in terms of g bb = 4πa bb /m b , g bf = 2πa bf /m bf with the reduced mass
and the second order perturbation theory gives the interaction energy between them:
where |0 (|q = C † q |0 ) is the Fock space for zero (single) phonon, and we have ignored the contribution of E (2) (r 1(2) , r 1 (2) ) that corresponds to the second order selfenergy. Substituting (C1) into (C2), we obtain
where ξ = 1/ √ 8πn 0 a bb the coherence length.
We explain the derivation very shortly. First, using the commutation relations,
the U −1 ψ(x)U is transformed as U −1 ψ(x)U = e S ψ(x)e −S = e S e Q(x)−S ψ(x). Then, using the Campbell-Baker-Hausdorff formula e X e Y = e Z with the operator Z:
for the e S e Q(x)−S , we obtain U −1 ψ(x)U = e Q(x) e From Eq. (D2), we obtain the transformations of the derivatives of the fermion fields:
where the ∇ L denote left derivative:
In the derivation of (D6) and (D7), we have used the commutation relations:
and
The derivative formula of e Q(x) is proved from the next commutation relations:
The transformations of the phonon annihilation/creation operators are the same as the original LDB transformation:
Transformation of Hamiltonian
With the anisotropic LDB transformation, the Fröhlich-type Hamiltonian (5) transforms as
Taking the normal ordering for the phonon operators, we classify the terms of the Hamiltonian (D14) by the order of fermion fields:
where the second-order term H (2) is
where E pol (P ) is defined as
The forth-order and sixth-order terms are given by where the operator X n in the bracket notation satisfieŝ
Using this, we obtain
where the Baker-Campbell-Hausdorff formula e A+B = e Similarly the phonon part transforms as
and the interaction part as, in the momentum space,
where we have used the approximation U −1 a † P −k a P U ≃ a † P −k a P in the same manner for the fermion field operator. Finally, the sum of Eqs (E9), (E13), and (E14) gives (57).
Appendix F: Transformation of Total Momentum Operator
The total momentum operatorP of the system consists of the phonon and the fermion parts:P
The momentum is conserved in each terms in the unitary transformation (46) , so that the momentum operatorP is commutable with the transformation U: [P , U] = 0, from which we find that the total momentum operatorP is invariant for the U-transformation:
Now, we calculate the U-transforms of the phonon and fermion parts,P F andP B . Using the transformation of C q and C † q in (54) and (55), we obtain
Simple operator calculation gives the result:
qγ q,P a † P −q a P + q,P,Q qf q;P f q;P b †
where γ q;Q = f q;Q C † − f −k;Q−k C −k .
Let's turn to the calculation of the fermion momentum operatorP F . Though direct calculation is difficult using the explicit form of the transformation U in (46), we can obtain the exact result from the invariant relation (F1):
F U = U −1 (P −P B )U = P − U −1P B U.
Using (F2), we obtain
where u P = k kf 2 k;P and d q,P,Q = f q;P f q;Q − f −q;P −q f −q;Q−q . It should be noted that the result (F3) can also be obtained from the direct calculation of
F U using the approximation (51) . It supports the use of (51) in the present calculations of eLLP. 
where x = q/n 1/3 0 and (u q − v q ) 2 =
x √ x 2 +16π/η bb . In the integration of the momentum P , we have used the cylindrical coordinates (P T , φ, P z ) where q P z . For 0 ≤ q ≤ 2q F , the integration of the radial coordinate P T has been done first using the formula: 
Finally, the integral of the momentum P for 0 ≤ q ≤ 2q 
where A = E q + q In the case of q ≥ 2q F , we make the replacement θ (|P − q| − q F ) → 1 in the integral, and the integrand of the momentum P integral becomes spherically symmetric.
It should be noted that we apply the renormalization procedure to the divergence of E (2) int in the same manner as in the LLP and the LDB.
